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Advanced Mathematics

Differential equation is a mathematical equation for an unknown function of
one or several variables that relates the values of the function itself and its
derivatives of various orders. Differential equations play a prominent role in
engineering, physics, economics, and other disciplines.

We can write it in the following form

dy d?%y a"y\ _
Where F the real function depend on (n + 2) variables (x,y, Z—z, %),

n positive integer number.
e Classification of Differential equation

We can classification in two types Ordinary and Partial Differential Equation

one of the more obvious classifications is based on whether the unknown
function depends on a single independent variable or on several independent
variables. In the first case, only ordinary derivatives appear in the differential
equation, and it is said to be an ordinary differential equation. In the second
case, the derivatives are partial derivatives, and the equation is called a partial
differential equation.

Examples:
a. Z_2x=0
dx
2
b. X =k
dx
0Yy\2 _ A (Y _ 5,2
. (?2=4(2)-2y%+4x

0z 0z
d. a + 5 =12z
e. Bx—2y+3)dx—(2x+3y—1)dy=0
Note:1- The equation in a and e are ordinary differential equation that first order
and first degree.
2- The equation in b is an ordinary differential equation that second order
and first degree.
3- The equation in c is partial differential equation that first order and
second degree.

Presented by Ahmed J. Kadhim, M.Sc.


http://en.wikipedia.org/wiki/Mathematics
http://en.wikipedia.org/wiki/Equation
http://en.wikipedia.org/wiki/Function_%28mathematics%29
http://en.wikipedia.org/wiki/Variable_%28mathematics%29
http://en.wikipedia.org/wiki/Derivative
http://en.wikipedia.org/wiki/Engineering
http://en.wikipedia.org/wiki/Physics
http://en.wikipedia.org/wiki/Economics

University of Baghdad College of Science for Women Department of Computer Science

4- The equation in d is partial differential equation that first order and first
degree.
Order: The order of a differential equation is the order of the highest derivative that
appear in equation.
Degree: The degree of a differential equation is the degree of the exponent highest
derivative that appear in equation.
Example: Consider the following differential equation

5
a’y oy<,17/2
= =k[1-G’]
by taking the square, we get
dz dy\o1°
P =k?|1- G

dx?
So that, the degree of the differential equation that is given is the second
degree.

o Ordinary Differential Equation of First Order: We can write in general in
the following form

d
—=fxy)
or
M(x,y)dx + N(x,y)dy =0 .....ocoooiiiiiiin.... )

LAy
Note: =Y =V«
Example:

a. Y_2x=0-2=2«
dx dx

e. Bx—=2y+3)dx—(2x+3y—1)dy=0
d_y __3x=2y+3
dx 2x+3y-1
Methods of Solution of an Ordinary Differential Equation of First Order
+«» Separation of variables: If we can write an ordinary differential equation of
first order that given in eq(2) in the form
MxX)dx+NY)dy =0, (3)
Where M function of x only, N function of y only, we say that x and y in
eq(3) are separation of variables.
Note: We can solution eq(3) by using integration.
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Example: Find the solution of the following equation
(x —1D2?ydx+x?(y+1)dy =0,where x #0andy # 0
Solution: we can rewrite the above equation in the form

(x-1)? +1) 5
— —dx + Tdy =0

x%-2x+1 (y+1)
= dx + dy=20

(1 — % + x—12) dx + (1 + i) dy = 0 by using integration, we get

f(1—§+x—12)dx+f(1+%)dy=c

x—2lnx—i+y+lny= c
1 1

% =efex Y " =kex 7" ,where k = e€
Example: Solve the initial value problem

(14 x3)dy —x%?ydx =0, y(1) =2
Solution: we can rewrite the above equation in the form

x2
1+x3

y = %(1 + x3)/3, where 4 = ¢

dx — %dy = 0 by using integration, we get

By using the initial condition, we get
2 = %(1 +(1)%)/3 5 A=223
Hence , the particular solution of the equation is
y =2"231 +x3)"/3
Problem: Solve the initial value problem

dy Yy COSX
a = 112y7 , y(O) =1

s Homogeneous First-Order Equation
Definition: Homogeneous function f(x, y) in x, y that degree n if and only if
f(Ax, y) = A" f(x,y), where 1 > 0.
Example: Let f(x,vy) = 4x3 — 3xy? + 5y3
f(Ax, Ay) = 4(Ax)° = 3(Ax)(Ay)* + 5(Ay)°
= 23(4x3 — 3xy? + 5y3)
= A3f(x,y) homogeneous function of third degree.
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xeY/*42y

Example: Let a. f(x,y) =

x2

b. £(x,y) = Y2 4 sin?2

Show that: 1-f in a is homogeneous and has -1 degree.
2- f in b is homogeneous and has 0 degree.
Definition: The following differential equation
M(x,y)dx + N(x,y)dy =0
is called homogeneous differential equation of first order if and only if M, N
homogeneous functions have the same degree.
Steps solution to homogeneous differential equation:
Let M(Q,y)dx+N(G,y)dy =0.....c............ (*)
homogeneous differential equation of first order

1- Suppose that y = Vx, where IV a new assistant variable.

d av
-y x =
dx dx

3- Substitute (1) and (2) in equation (*) the equation (*) transform to a
new equation in variables x and V, where the new equation can solve it
by using separation of variables.

4- Substitute % instead of V.

Example: Solve the following differential equation
(x34+y3dx —3xy?dy =0 .............. (a)
Solution: Since M(x,y) = x> + y3 and N(x,y) = —3xy? are homogeneous
functions has third degree
= eq(a) is homogeneous equation, and we can rewrite eq(a) in the

following form
d_y _ x3+y3

dx  3xy?2

Lety =Vx —» Z—z =V + xZ—Z by substitute, we get

dv  x3+(x)3 1+V3 v 1+v3
Vo Z oo VBV y
dx 3x(Vx)2 3V2 dx 3V2
3V2 dx
——=0..cc....... C
1-2V3 x (©)

by using integration, we get
(1 —2V3)(x?) = e%¢ = k the general solution to eq(c)
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since y =Vx, (1 — Zi’—z) (x?) = k the general solution to eq(a).

Example: Solve the following differential equation
a _ . _ 2t
0 ot Ocos FIRALELERRIITs (a)

Solution: We can rewrite eq(a) in the following form
a _t_ o2t =
—5 =5 oS~ = f(t,0)
Since f(t, @) is homogeneous function has zero degree, so that the
differential equation in (a) is also homogeneous
_ ac _ v Ve ,e2Y8 _ av
Iett—V9—>d6—V+9d6—> 5 — C0s”— V+9d9—>

L_qv + %d@ = 0, by using integration, we get

cos2v
tanv +nf =c - lnb =c — tanv —» O = e 1AW = fe~tanw _,

t
0 = Ae "9, where A = eand V = %-

Problem: 1. Show that the given equation is homogeneous.

2. Solve the differential equation.
dy _ x%+xy+y?

a. —
dx x2
b dy _ 4y-3x
"odx 2x—y

Exact Differential Equation
Definition: said that the differential equation of first order
M(x,y)dx + N(x,y)dy =0
is exact in the region D if and only if there exist function denoted by
u = u(x, y) such that for all point in this region satisfy Z—Z =M, g—; = N.

Theorem: Let the differential equation
M(x,y)dx + N(x,y)dy =0

oM ON

exact in the region D then FiaierE

Example: Consider the following differential equation
(2xy + 3y3)dx + (x* + 9xy?)dy = 0

M(x,y) = 2xy + 3y3 —>Z—I;I= 2x + 9y?

N(x,y) = x? + 9xy? —>Z—:= 2x + 9y?
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Since, Z—Ay/’ = Z—: so that, differential equation is exact.

Steps solution to exact differential equation:
Suppose that M(x,y)dx + N(x,y)dy = 0 ...(a) an exact differential equation
of first order and let w(x,y) = c represent solution to exact eq(a) by using the

chain rule, we get dw = Z—‘;’dx + Z—‘;’dy = 0....(b) comparing (a) and (b) we get

Z_V: =M(x,y) » dw = M(x,y)dx .....(cl)
f;_‘;“ = N(x,y) » 0w = N(x, )3y ......(c2)

by using integration to eq(cl), we get
[dw = [ M(x,y)dx + o(y)
w(x,y) = [ M(x,y)dx + o(¥)...... (d)

derivative eq(d) with respect to y, we get
ow

> = aa—ny(x,y)dx + @' (y) =N(x,y) .....(e)
from equations (d) and (e) we find @ () therefore, substitute the value of ¢ (y)
in eq(d) to get the solution w(x,y) = c to differential equation (a).
Example: Solve the following differential equation

(x? —=y)dx + (y* —x)dy = 0

Solution: Since M(x,y) =x?>—y — Z—Iz =—1and

NCoy) =yt —x -2 = 1
= the equation is an exact. Hence let w(x,y) = c represent solution to the given
equation

w(x,y) = [ MCx,y)dx + o) = [(x* —y)dx + o (¥)
w(x,y) = % —xy+o)........ (*)
derivative eq(*) with respect to y, we get

ow(x,y)
dy

3 3
substitute the value of ¢ (y) in eq(*) we getw(x,y) = = — xy + =

3
! / y
=—x+<p(y)=y2—x=N(x,y)—><p(y)=y2—><p(y)=?

3

3
therefore, the general solution to the differential equation is x? —xy + y? = c.

6
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Problem: Solve the following differential equation
(ycosx + 2xe¥)dx + (sinx + x?e¥Y —1)dy = 0
Differential equation of the first order and removable turned into an exact
equation
Definition: Let M(x,y)dx + N(x,y)dy = 0 ...(a) differential equation of the

first order. Said that the eq(a) not exact if ‘Z—A; * Z—Z :

Question: Is it can transform not exact equation to an exact?

Answer: Yes.

Definition: Let M(x,y)dx + N(x,y)dy = 0 differential equation of the first
order is not exact. If there exist function u = u(x,y) such that

ule, y)IM(x,y)dx + N(x,y)dy] =0 .......... (b) called an exact equation and
u(x, y) called integral factor.

How to find an integral factor: By using definition of an exact equation we

. ouM ouN oM u ON ou
— T — —_— _— = —_— _—
will get " ™ hence, u % + May poot Nax
1 ou ouy, _0M ON
(NS - M) =T = (0)

There exist two cases: The first one if the integral factor u function of x only

LOom _dk o itute i
T a oy 0, by substitute in eq(c), we get
oM ON

ldp _ oy ox _ : : :
= NGy f(x) ... (d) we can write eq(d) in the following form

CL—“ = f(x)dx that it is separation of variables equation

ap(x) = el f®ax (e
The last one if the integral factor u function of y only by using the same way
o _ o O _ du
ax  'dy dy
oM ON

(g8 _9M _ON _ 1dp _ oy ox _
”u( Mdy)_ay 6x_)udy —-M(x,y) g(y) """ ()

~ the integral factor become u(y) = e/ 9™y . (g)
Problem: Solve the following differential equation
(x% 4+ y? +x)dx + (xy)dy =0

Solution: Since Z—I: =2y # Z—: =y, hence the equation is not exact.
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oM ON
oy ox _ 27V _ 1 _ f (x), thus the given equation removable turned into an
N(x.y) xy x

1
exact equation and the integral factor is given by p(x) = ef f®dx = /39

ux) = e = x

S x(x? 4+ y?2 + x)dx + x(xy)dy = 0 -

(x3 4+ xy? + x¥)dx + (x%y)dy =0 ...... (*) where, a:—yM = 2xy = ?—xN
hence, eq(*) an exact equation. The solution of eq(*) is given by

w(x,y) = f uM(x, y)dx + o) = (& +xy% + x2)dx + ()

2

= + + + ()
ow
ay =x’y+@' () =pNx,y) =x’y > 9' () =0->0) =k
y = ¢ the general solution to the given differential equation.
Problem.

1-Solve the following differential equation
xy*e? + 2xy3 + y)dx + (x*y*e¥ — x?y? — 3x)dy = 0
2-Find an integrating factor for the equation
Bxy+y*) + (x*+xy)y' =0
and then solve the equation.
Linear Differential Equation of First Order

Definition: The following differential equation y’ = —= = f(x,y) is called

linear equation if the function f(x, y) is linear functlon, and we can write itin
the following form y' + P(x)y = q(x) .....(a) , where P(x), gq(x) continuous
function on the interval I.

Method of solution of linear equation of first order

We can rewrite the eq(a) in the following form (P(x)y — q(x))dx + dy = 0

oM ON
since % = P(lx) P(x) hence, the integration factor is given by

u(x) = el P@ax therefore, when multiply the integral factor by eq(a) we get
o) P(x)dx Z_i’ + eJ P()dx P(x)y = e P()dx q(x)
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4
dx
by yefP(x)dx — fefP(x)dxq(x) dx + ¢

yel POIax — o= [P@)dx[ [ o PGIdxq(x) dx + c].....(b)
y = [u@)]™! f u()qx) dx +c
Example: solve the following equation
Z—z + 2xy = 4x

Solution: Since P(x) = 2x and q(x) = 4x are continuous on the interval | that

[e] POIdxy] = eJ PGIdxg(x) | s0 that the general solution of eq(a) is given

isequal to R
aou(x) = el POIax = pfaxdx — ox* _, yox® — [oX* (4x)dx + c = 2" + ¢
y=2+ ce™™"
Problem:
1- Solve the following equation
LY 3y
dx X

Hint: P(x) = icontinuous for values x += 0 € R, q(x) = 3x continuous

for all values x € R.
2- Solve the initial value problem

y'+ 2y =g(t), y(0)=0,

Where
1, o0<t<1
g(t)'{o, t>1
<> Bernoulli Equations

Sometimes it is possible to solve a nonlinear equation by making a change of
the dependent variable that converts into a linear equation. The most
important such equation has the form

d
é +P(x)y =y"q(x) ...... (a)
and is called a Bernoulli Equation.

first dividing both sides of eq(a) by y™, where n positive integer number,
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1

thenletV = =

av _pdy 1 av

A o T e 4 &y_ 14
Tdx (n—1)y ax Y ax iomax U ©)

from eg(a) we get y ™ % + P(x)y~™=1 = g(x) comparison equations b,

¢, and last equation we get

ﬁ% + P(x)V = q(x) this is linear equation in variables Vand x.

Example: Solve the following equation

ay 1. _ 1. 4
dx+3y—3(1 2x)y

Solution: divide given equation on y* # 0 we get

1dy , 11 1
ytdx 3y3 3

LetV = ig -2 -3 %d—y substitute the value of VV and its derivative in
y dx y*dx

eq(*) we get
14dv

_rldv 1y o 1(1 —2x) - L _y = 2x — 1 this is linear equation
3dx 3 3 dx

PX)=—-1,qx)=2x—1-ux) =el ¥ =¢x

Vulx) = fu@x)qx)dx+c->Ve™ = [e™*(2x—1)dx+c¢
Ve™ = [2xe ™ dx — [e dx +c

Ve™ =2[—xe™ — [—e™dx]— [e Xdx +c

Ve™ =2[-xe*—e*]+e*+c

Ve ™ = —-2xe *—2e™*4+e*+¢
Ve ™ =—-2xe*—e™*+c->V=-2x—1+ce”*
10
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1

y3=—2x—1+cex

Problem: Solve the following equation
dy 3
X +y=xy
Initial value problems (IVP) and Boundary value problem (BVP)

Example: Find the solution ¢ (x) = y to the following equation Z—z

satisfy the condition ¢(2) = 3

= 3x?2 and

Since the given equation is separation of variable so that the solution it is given by
y = @(x) = x3 + ¢ this is general solution. When substitute the initial condition
x=2-y=3,3=8+c — c = -5 therefore, the particular solution is given by
o(x) = x3 —5.
Obviously the solution give us curve called integral curve that pass in the point
(2,3) = (x0,¥0)-
When studying the differential equation of first order or of highest order as in the
previous example differential equation that have one condition or more and ask us
find the solution integral curve that satisfy the given equation and also the given
condition.
Note: If the conditions that it is given with the differential equation bounded by one
value of the independent variable the problems called initial value problem or if the
differential equation bounded by more one value of condition of the independent

variable then the problems called boundary value problem.

11
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Examples:

dy _  x _ ..
1- == o, y(3) = 4 initial value problem.

2
2- % = % = 0, such that y(1) = 4, y(1) = 3 initial value problem.

dZ
3- &Y
dx?

T % = 0, such that y (§) = 5,y(0) = 1 boundary value problem.
So that the general form of the initial value problem of the first order is given by

vy flx,y), v(xy) =yp...... (*)

dx =
Definition: Let ¢ function defined on the interval | and contain point x, we say that

@ solution to the initial value problem (*) if ¢ solution to equation Z—i’ = f(x,y) and

satisfy the initial condition ¢ (x,) = y,.
Example: Solve the following equation
y' =2x, y(2)=3

o Linear Differential Equation of nth Order
Definition: We can define the linear differential equation of nth order in
dependent variable y and independent variable x in the form

an an-1t d
ao(x) # + a,(x) dx"‘Jl/ + o+ a,_1(x) % +a,(x)y =h(x)...... (1)
Where a,, a4, ...,a,, h continuous functions in the interval I and a,(x) # 0

Vx € I, when h(x) = 0 Vx € I the equation

an an-t d
ao(x) ﬁ + a,(x) dxn_Jll + -+ a,_;(x) é +a,(x)y=0....... (2)

called homogeneous linear differential equation of nth order, otherwise it is
called non homogeneous linear differential equation.
Example: 3y” —2xy’ + x?y = xe* non homogeneous linear equation of
second order.

3y" — 2xy’ + x?y = 0 homogeneous linear equation of second

order.

12
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Note: 1- The continuous functions a;(x) Vi =0,1,2,...,n called derivative

TL l

coefficient —= (i =0,1,..,n) and if Ln written influential defined in the
an— 1
form Ln = ao(x)— + a,(x) e i 1(x) ~+ a,, (x) therefore, the

eq(l) written as Lny = h(x).
2- if ¢ function defined on the interval | and belong to C™(I) and satisfy eq(1)
then ¢ called solution of this equation.
¢ Linear Differential Equation of nth Order with Constant Coefficient
The general form of this type of equation is given by

n dn—l

d"y y dy
a dxn-|—a1 1 +---+an_1a+any = h(x) ........ (1)

Where a,, a4, ...,a, are constant and a, # 0,and h continuous function
defined on the interval I.
By using written influential the eq(1) written as

Iny = h(x) ...... (2)
eq(2) called non homogenous linear differential equation when h(x) # 0
otherwise, eq(2) called homogenous linear differential equation, that is

Solution of homogenous linear differential equation
The eq(3) have n roots that linear independent on the interval |. Lety = e

solution to the eq(3), where 1 constant number therefore,

Ln(e*) = 0. Since Ln = ao— +a, ddnn 11 +ot @nog + a,

a(e’l") = le™*, ﬁ(e’“‘) = %e?* ..., @(e’lx) = 1"e?*, therefore
the homogenous equation becomes

e®(apA* + a; A" 1+ -+ a, 4A+a,) =0,since e’ # 0 Vx

P,(A) =a A" +a A"+ +a,_A+a,=0...... 4)

eq(4) is called the characteristic equation of the homogenous linear
differential eq(3), where eq(4) be necessary and sufficient condition in order
to be e?* solution to eq(3). Eq(4) represent polynomial of degree n and have
n roots which are either to be distinct (real, complex) or repeated (real,
complex).

A) If the roots equation P,(1) = 0 have distinct values then eq(3) have n
linear independent solutions that it is

Ax

13
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y;(x) = ehix i=123,..
and y =YY" c;e** also represent general solution to eq(3).
Example: Solve the following differential equation

% -32 10y =
Solution: Since the characterlstlc equation of this equation is given by
A2—-31-10=0->A-5Q1+2)=0
Then the roots of P,(A1) =0 are given by 4, =5, A1, =-2 and the
solutions of the given differential equation written in the form
yi(x) = e>*, y,(x) = e™?¥
thus the general solution of linear differential equation is
y(x) = cie>* + c,e™2*
Example: Solve the following equation
==+ 4— +5y=0
Solution: Smce the characterlstlc equation of this equation is given by
A2+421+45=0
Then the roots are givenby A, = —-2+1i, A, =-2-—1i
= the solutions are y; (x) = e(2¥0*  y.(x) = e(279% thus the general
solution of linear differential equation is
y = Cle(—2+i)x 4+ Cze(—z—i)x -y = e—Z(Cleix + Cze—ix)
Note: e™* = cosx + isinx, e ** = cosx — isinx
Example: Solve the following differential equation
23 47 42 44y=0

dx3 dx?

Solution: Since the characteristic equation of this equation is given by

PP =23-22-4214+4=0-22U1-1)-4U1-1)=0->
A-1DA?*-4)=0->A-1)A—-2)(A+2)=0 thus the roots of
P;(A)=0are A, =1, A,=-2, A3 =2 and the solutions to the given
equation are y;(x) =e?*, y,(x) =e ?*, yi(x) =e?* therefore, the
general solution is given by y = ¢c;e® + c,e ™% + c;e?*

14
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Example: Solve the following differential equation
+(1+3) 2+ @i-2)2—6i=0

Solution: Since the characteristic equation of this equation is given by
P;(A) = A3 + (1 + 3i)A% + (3i — 2) 2 — 6i = 0 polynomial of third degree,
note that A = 1 satisfy the equation such that
1+ (1+3i)+ (3i —2) — 6i = 0 therefore, A = 1 one of the root the
equation P;(A) to find the others roots using long division, so that we get
PAD)=(A-1DA%*+2+3D)A+6i=0

=(A-1)A+3i))(A+2)=0andtherootsare A, =1, 1, = =2,
A3 = —3i thus the solutions of the given equation are y,(x) = e ¥,
y,(x) = e2%,  yi(x) = e~3™ therefore the general solution is given by
y(x) = cie* + c,e %% + cge™3*

B) If the roots equation P,(4) = 0 have repeated values. Consider the

following equation % + a— + by =0....... (*) or written by Lny = 0

such that P,(1) = A2 + a1 + b = 0 represent the characteristic equation to
the given equation (*) which can find its roots in the form

—at+vaZ-4b
)

2

A Ay = a=—(A+1;)

i) When a? — 4b = 0 the roots 1,, A, are real and equal (i.e ; = 1,) thus

y, = e *1* represent solution to eq(*) to find the second root we can use

a1(x)
exp(— fa (x) 2 exp(—adx)
0 dx =e 1xf—2/11x dx

Vo (x) = J’1(x)f

15
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= e M¥ [ m2M%* g=0xgy = g M¥ [ g=2MX g2hiX(y = o Ma¥ [y
= xe M1* therefore, the general solution to eq(*) is given by

y =cieM* + cyx eM* = (¢ + cyx )e Mr*

ii) When a? — 4b < 0 then the roots will be complex number

— \a2—
ie Ay, 4, = B +ipwhere B = —, pu=-—"— *® thus the general solution

isy = c,eBTx 4 c,eB-X = ¢ oBXelx ¢ ef¥e=inx _,

y = eﬁx(clei“" + cze‘i“x) = eP*((c; + ¢;)cosux + i(c; — c,)sinux)
y = eP*(kycosux + k,sinux).

In general form if the equation L3y = 0 and have three repeated roots the
general solution is given by y = (c; + xc, + x%c3) e*1*,

Theorem: Let Lny = 0 homogenous linear differential equation of nth
order and that type constant coefficient and if the characteristic equation
have A repeated k times then the general solution that similar to repeated
roots k times given in the form (¢; + c,x + c3x? + -+ + ¢, x*~1) e** and
if the others roots to the characteristic equation distinct i.e

( Aks1r Ak+1,--»Ay) then the general solution to the equation Lny = 0 is
given by the following form

y = (c; + cox + c3x% + -+ cpx¥ Vet * + ¢ e ¥ 44 ¢ e
Example: Solve the following differential equation

d3y d?y dy _
dx3 dez 4dx+8y_ 0

Solution: the characteristic equation to the given equation is
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P() =23 —-212—4214+8=0
=12(1-2)—41-2)=0-> B -4)1—-2)=0-
=(A-2)1+2)1-2)=0-> A —2)%(1+2) =0 thusthe

rootsare A, = 1, =2, A3 = —2 therefore, the general solution is given

by v = (1 +cyx)e?* + cze 2%

Example: Solve the following initial value problem
y'+4y' +4y =0, y'(0)=-5 y(0)=4

Solution: the characteristic equation to the given equation is

AP+42+4=0->A+2)>=0->2,=1,=-2
- the general solution is y = (¢; + c,x)e ™%
since y' = —=2c,e”?* = 2c,x e 4+ c,e?*  substitute the initial
conditions we get y(0) =¢; =4, y'(0) = —-2¢c;+¢c, =-5-¢, =3
therefore, the unique solution to the initial value problem is given by
y=4e ?* +3xe % 5 y=e ?*(4 + 3x)
Problem: Solve the following equation
y'=2y"+10y =0
Non Homogenous Linear Differential Equation with Constant Coefficient

The general form of this type of equation is written as

an an-1
Aot A~ + -+ apy =h(x) or Lny=h(x).....(1)

Where, ay,ay, ..., a, are constant and h continuous function defined on the
interval | .

The general solution of equation (1) consist of from the complement function
which is general solution of the homogeneous equation (1) (i.e Lny = 0) and
the particular solution to the non homogeneous equation (1) such that

y(x) = y.(x) + y,(x) where, y.(x) general solution of the homogeneous
equation (1) and y, (x) particular solution to the non homogeneous equation (1) .
To find the particular solution to the non homogeneous equation there is two
cases one of them called general and the others called special
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Casel: Method of variation of constant (the general method)

This method biased on the idea change the arbitrary constant c; in the general
solution Y, ¢; g; of the homogeneous equation Lny = 0 to the functions v;
such that Y-, v; g; in order to be particular solution to non homogeneous
equation (1).

Definition: Let g4, g5, ..., g, functions in ™ 1(1) and let

91(x)  g2(x) ..  gn(x)

9:() 9200 .. gn(x)

g g gnt ()
vx €1 we said that w(g,, g5, ..., gn)(x) Wronskian determent of this
functions.

w(g1, G2 s Gn)(X) =

Example: Vx € (—oo, ) then w(x, sinx) = |916 sinx

| = xcosx — sinx called
CcoSx

Wronskian of the functions x and sinx.

Example: Wronskian of the functions cosx and sinx is

cosx  Ssinx

w(cosx, sinx) = | | = cos?x + sinx =1

—Sinx cosx
Example: Wronskian of the functions e*and e™ is
X —x eX e X
w(e*, e™) = 0¥ _p—x =-2

Theorem: Let g;, g, linear independent solutions of equation L,y = 0 on the
interval 1. Then the particular solution y, of the non homogeneous equation

L,y = h(x) is given by the form y,(x) = f;:) [gl(t)a‘izv(vxgg_l’g;;)x()tfzw] h(t)dt

where, x, known point in an interval I.
Proof: Let V;, V, functions belong to C'(I) provided that

Vp(x) =V1(x) g1(x) + V5 g2(x)........ (a) and
V'ix)gi(x) +V'5(x) go,(x) =0...... (b) since y, represent solution to non
homogeneous equation L,y = h(x)
v g Yy (X) ta; yp(x) +axy,(x) =h(x) Vx€eI.... (c) since
Vp(X) =V'1(x) g1(x) + V1(x) 9", (x) + V'2(x) g2 (x) + V2(x) g', (x)
= V10 ¢, @) + V() g',@)
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Yp (x) =V'1(x) 9", (x) + Vi (x) 9", () + V', (x)g", (%) + V2 (x) 9", (%)
substitute the values of y,,(x), y,(x) and y,) (x) in eq(c) we get

Vix)lapgy + a191 + a; g41] + Vo (x)[apggz + a19; + a, g;] +
ao[V'1(x) g',(x)+ V’Z(x)g’z(x)] = h(x) -

Vi) g' () + V', (x0)g',(x) =
system in (b) and (d) by Grammar method we get,

........ (d) by using solution of linear

0 g2(x)

h(x)
P 7l I 12O B f ~g:(Dh(®
' 9:(0)  g.(0)| aowlg, g®) o @ w(g1, g2)()

g',(x) g',x)

g1(x) 0
N Gl T e _ GO
Vi(x) = = > V(%) = J by

g1(x)  g2(x) Xo aow(g1, g2)(t)

g',x) g,
substitute the values v, (x), V,(x) in (a) we get

L —g,0r
yp(x) - '[xo Qo W(gl' gz)(t)

X [91(8) g2(x)—g1(x) g2(1)]
- fxo ao w(g1, 92)(t) h(e) dt

ao w(g1, g2)(x)

o g1(OR®)
At 9a(0) + Jxo ao w(g1, g2)(t) dt g2(x)

Theorem: If g4, g5, ..., g, linear independent solutions of the homogeneous
equation Lny = 0 on the interval | then the particular solution of the non

homogeneous equation Lny = h(x) given by

— \n X wi(t)h(t)
yp (x) - Zk=1 gk (x) fxO aO W(gl; gz,---, gn)(t) dt ’(*)

Where, w, is the hub that we get it from wronskian w(g;, g2, -, gn) by
interchange the column (gx, gk, .-, gr~ )t by column (0,0, ..., 1)*.
Example: Find the general solution of the following equation
y"—=3y' =10y = e* —o0<x <
Solution: The characteristic equation to homogeneous equation
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y"—3y"'—10y=01is 22—-31-10=0 > (A —5)(1 + 2) = 0 the roots are
A, =5, A, = =2 thus, the solution of the homogeneous equation
y' =3y’ =10y =0 is g;(x) = e, g,(x) =e™**

5x —-2x

w(gy, g2) =w(e™, e™¥) = Se 5x ; _px| = —2€7 —5e* = —Te>
e —2e

Using eq(*) in the previous theorem to find particular solution to non
homogeneous equation, therefore

wi(t)h(t)
(X) - Zk 1 gk( )fxo ao w(g1, g2, gn)(t)

x g1(t) g2(x)— g1(x) g2(t)
B f ao w(g1, 92)(t) h(t)dt

5x

51‘ —2Xx_ 5x —Zt] —-2x e

= f" Le — etdt = —%e"+e21 +-- thus, the general
solution to the non homogeneous equation Lny = h(x) is
1 e—Zx eSx
y(x) = y.(x) + yp(x) = ;€% + e = e t5r T3

1 5x 1 —2x 1

y(x)=<01+%>e +(c2+ﬁ>e —Ee
Example: Find the particular solution of the following differential equation

y"+y=tanx where, §< x < %
Solution: The characteristic equation of the homogeneous equation y” +y =0
is given by the following form P,(1) = (1% + 1) = 0 and the roots are y = Fi
therefore, the general solution of the homogeneous equation is
Sinx CO:S‘X | - 1
CcoSx —SInx
substitute the values of w(g,, g,) = -1, g,(x) =sinx, g,(x) = cosx,

h(x) = tanx in equation(*) we get the particular of the given non homogeneous
equation

yp(x) =

y.(x) = ¢;sinx + c,cosx,  since  w(gq, g2)(x) = |

fx (sint cosx— sinx cost)
-1

tant dt = —cosxf sint (Smt) dt +
Smxf cost (Smt) dt

ost

= —cosx fox (S:: t) dt + smxf sint dt = —cosxf (1 ;Zst t) dt +

sinx fox sint dt

. X
= —cosx fox (sect — cosx) dt + sinx[—cost] |O
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= —cosx|[In|sect — tant| — sint] 3(; + sinx(1 — cosx)
= —cosx[(In|secx — tanx| — sinx) — (In|1 — 0] — 0)] + sinx —

sinx cosx
= —cosx Iln|secx — tanx| + cosx sinx + sinx — sinx cosx
Vp(x) = sinx — cosx In|secx — tanx|

Problem:

Find the general solution of the following equation
d*y _
-zt 4y = sec2x

Case2: Method of Undetermined Coefficients

The method of undetermined coefficients requires that we make an initial
assumption about the form of the particular solution y(x), but with the
coefficients left unspecified. We then substitute the assumed expression into
equation L,y =h....... (1) and attempt to determine the coefficients so as to
satisfy that equation. If we successful, then we have found a solution of the
differential eq(1) and can use it for the particular solution y(x). If we cannot
determine the coefficients, then this means that there is no solution of the form
that we assumed. In this case we may modify the initial assumption and try
again.

We can choose the assumption of the particular solution according to the
function h(x) that it is given in equation and the following table illustrates how
to choose:

h(x) y(x)
1- Pn(X) = qox" + alx"‘l +--+a, x5(Apx™ + Alxn—l + o+ Ay)
2- By(x)e™ x5(Apx™ + A x™ 1 + -+ A))e?
sinffx

3- Pn(x)eax{ xS[(Apx™ + A x™ 1 + -+ A))e? sinfx +

cosfx
(Apx™ + A;x™ 1 + -+ A))e™ cospx]

Otherwise, we use the Method of variation of constant to find the particular

solution.

Notes: Here s is the smallest nonnegative integer (s = 0,1, 2) that will ensure

that no term in y(x) is a solution of the corresponding homogeneous solution.
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Example: Find the particular solution of the equation
y" —3y' + 2y = x? —0w<x <o
Solution: Since h(x) =x? is the polynomial of second degree then let
¥p(x) = Ax* + Bx + C is a solution of the given equation. Since y,(x) is
solution of the given equation therefore, y,,(x) satisfy the equation
y’p(x) = 2Ax + B, y”p(x) = 24, substitute the values of y, (x), y’p(x),
and y”_(x) in the original equation we get,
2A —3(2Ax + B) + 2(Ax? + Bx + C) = x? since the particular solution does
not contain constant hence,
2A—3B+2C=0
2B—6A=0
2A=1-A=2B=>,C=

Ll BN

- the particular solution is given by y,(x) = %xz + %x +Z
Example: Find the particular solution of the equation

y" —=3y' —4y = 2 sinx
Solution: Since h(x) = 2sinx then let y, (x) = A sinx + Bcosx is a solution
of the given equation. Since y, (x) is solution of the given equation therefore,
¥p(x) satisfy the equation
y’p(x) = A cosx — Bsinx, y”p(x) = —A sinx — Bcosx, substitute the
values of y,, (x), y’p(x), and y”p(x) in the original equation we get,
(—A sinx — Bcosx) — 3(A cosx — Bsinx) — 4(A sinx + Bcosx) = 2 sinx
since the particular solution does not contain constant hence,
—3A—-5B=0...... (1)
3B—5A=2........ (2)
Multiplying eq(1) by 3 and eq(2) by 5 and then sum two equations we get,
~9A—25A=10>-34A=10->A=—= B==
= the particular solution is given by y,(x) = — %sinx + %Cosx
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Problem:
Find the particular solution of the following
1- y" —3y' — 4y = 3e?*
2- y" =3y’ —4y = —8e*cos2x
e Laplace Transform
Linearity Property: Linearity property that the transform of a linear
combination of a functions is a linear combination of the transforms. For «
and S constants,

“[a fO)+ B g = af'(x) + B g'(x)
and

flaf(x)+ B gx)]dx=a [ f(x)dx+ B [ g(x)dx
Provided each derivative and integral exists. In this section we will examine
a special type of integral transform called the Laplace transform. In addition
to have the linearity property, the Laplace transform has many other
interesting properties that make it very useful in solving initial value
problems.
Definition: Let f be a function defined for t > 0. Then the integral

LIfF(O] = [, e St f(©) dt ....(1)
is said to be the Laplace transform of f, provided the integral converges.
When the defining integral (1) converges, the result is a function of s. For

example, L[f(©)] = F(s), Llg(®)]=G(s), Lly(®)]=Y(s).
Example: Evaluate L[1]

Solution: L[1] = foooe‘“ (1)dt = —%St |(E)o =§ provided s > 0
Example: Evaluate L[t]

Solution: L[t] = f0°°e‘5t (t)dt using integrating by parts

—st
u=t, dv=eSldt->du=dt, v=-—

S
o —eSt _ 1 0 _ot 1
fO Tdt—O-I—;fO e dt——z,

S

© st __t |
J, et ®dt = -e 0
provided that s > 0

Example: Evaluate L[e 3]
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_e_(s+3)t (00}

S+3 0

Solution: L[e 73] = fooo e st (e73N)dt = fooo e~ G+t g =
= # provided s > —3

Example: Evaluate L[sin2t]

Solution: L[sin2t] = f0°° e St (sin2t)dt using integrating by parts

—St
u=sin2t, dv=eStdt - du=2cos2tdt, v=—

S
(cos2t)dt

[0'e) 0 _Ze—st
0 fO s
=0 +§ f0°° e St (cos2t)dt using integrating by parts on

the term fooo e St (cos2t)dt

o —st
J, et (sin2t)dt = —eTsinZt

—st

e
u = cos2t, dv = e Stdt - du = —2sin2t dt, v=——
0 e—st oS co —st
f e~ St (cos2t)dt = — cosZth —J (sin2t)dt
0 0
12, .,
=3 ;L[stt] hence,
° 2 4 s2+4 2
f e St (sin2t)dt = 2 S—ZL[Sant] - [ 2 ] L[sin2t] = 2
0

L[sin2t] = 522+4 :

Example: Evaluate L[1 + 5t]

Solution: L[1 + 5t] = f0°° e St (1 + 5t)dt = f0°° eSSt dt + 5 f0°° oSt ¢t
1 5

s s?

Example: Evaluate L[4e 3¢ — 10 sin2t]
Solution: L[4e 3¢ — 10 sin2t] = [” ™t (43¢ — 10 sin2t)dt

— X —(s+3)t 4+ _ X =St o
=4[ e Idt —10 [~ e~ sin2t dt
4 20

s+3  s2+4

provided s > 0

Problem: Evaluate L[t?]

Theorem: Transforms of some functions

a. L[1] =1 b.L[t"] ==, n=1,2,3,.. c Lle®]=—

tn+1 4 s—a
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) . s , _ k

d. L[ sinkt] = 5— e. L[ coskt] = 5— f. L[sinh kt] = 5—
_ S at o; — ;

g. L[cosh kt] = o h. L[ e%sinkt] = R

- at _ S—a

i. L[ e*coskt] = Goa2ri?

Inverse Laplace Transform
If F(s) represents the Laplace transform of a function f(t) that is,
LIf(t)] = F(s), we then say that f(t) is the inverse Laplace transform of
F(s) and write
f@) =L7HF(s)]
we know that L[1] = % , then 1 = L‘l[%], L[t] = Sizthe inverse t = L‘l[siz],
1

and L[e™3!] = i the inverse e 3t = L‘l[m].

the next theorem gives some inverse transforms

Theorem: Some inverse transforms

a L =1 b 1tog|=tn=123. ] =ex
d L™t :52+k2] = sinkt e. L7! [Szikz] = coskt f. L71 [sszz] = sinh kt
g. L1 :Sz_kz] = coshkt h. L1 [(S_a)ﬁ] = e™ sinkt

- _1 s—a A at
I. L [—(S_a)2+k2] e coskt

Example: Evaluate L1 [515]

n!

Solution: Since L1 [—] = t™ from the above theoremn+1=5->n=4

sn+1

the expression multiplying and dividing by 4!

L—l[l _4' L—l [i] 1 L—l [ﬂ] :l t4 _i t4

sSl—ar ™ ISl —a™ 5] a" " 24

Example: Evaluate L™* [521”]

25
Presented by Ahmed J. Kadhim, M.Sc.



University of Baghdad College of Science for Women Department of Computer Science

Solution: Since L™ [ ] = sinkt thatismean k2 =7 - k =7

2k2

the expression multiplying and dividing by v7 we get,
- 1] _ V7 ,_ 11 _1 ,q[V7]1_1 _.
P -G ] -4 o [ = s

s2+47 7 s247 7 5247

Example: Evaluate L~ [ 25+6]

Solution: L1 [ 25+6] =11 [52+4] L—l[ 6 ]=—2L‘1[

s2+4

525+4] +6L7 [5214]

—2L- S| == -
2L [ 2+4] t2 L [52+4] 2 cos2t + 3 sin2t
Example: Evaluate L™* [225—+3]
54—45+20
Solution: —25t3 — _2s+3+4=4 _  25-447 2(s=2)+7
" $2-45420  s2—4s+4+16  s2—4s+4+16  (s—2)2+16
_ (s-2) 1
- (5—2)2+16] [(5—2)2+16]
(s-2) 7 4
(5—2)2+16] T 4 [(5—2)2+16]
L‘l[ 2s+ 3 s—2) +7L‘1[ 4
4s+20 (5—2)2+16 4 (s—2)2+16
= 2e?tcos4t + %eZtsinélt
Example: Evaluate L1 [ STH65+9 ]
" (s—1)(s-2)(s+4)
Solution: By using the partial fractions we get
s%2+65+9 A B C _ A(s—2)(s+4)+B (s—1)(s+4)+C (s—1)(s-2)
(s—1)(s=2)(s+4)  (s-1) (s=2) (s+4) (s—1)(s—2)(s+4)

__ s%(A+B+C)+s(2A+3B-3C)+(-8A—4B+2()
o (s—1)(s—2)(s+4)

“A+B+C=1...()
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2A+3B—-3C=6....(2)
—84—4B +2C =9....(3)
by sum equation (2) and (3) we get
—6A— B —(C =15 .....(4) by sum equation (4) and (1) we get

16 =—-54A- A= —1—56 substitute the value of A in equation (1) we get

1 +——B C substitute the value of C in equation (2) we get B ——5 C =%
16 25 1
. s?+6s+9 __"5 .6 . _30
Cs-D-2)(s+4) (-1 (s—2) (s+4)
2 <IA\\\ ¥2 1
-1 s“+6s+9 1 E \ 3 N 30 ]
(s—1D(s—2)(s+4) (s—1) (s—2) (s+4)
16 , _ 1 25 L~ 1
SR e R i i B

16 25 1 _
— _ t _|_ Zt +—¢ 4t
5 30

Problem:
1. Use the Laplace transform to solve the following
a f()=4t—10 b. f(t)=t>+6t—3 c.f(t) =4t?—5sin3t

2. Use the inverse Laplace transform to solve the following

48

=] b. L7V — =+ —] c. L=

52 +49]

1,1
a. L1 [5_2 —
Transforming a Derivative

In this section, we can use the Laplace transform to solve differential equations.

2
The goal of this topic is to evaluate quantities such as L[%] : L[ZTJZ’],...etc. For

example, if f' is continuous for t > 0, then by using integration by parts to find
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LIF' (0] = j e~StF1(¢) dt

0

u=eSt, dv=f'(t)dt - du=—se Stdt, v=f(t)

LIF @] = e f(0) | ) = [y —se ™ f()dt = 0= F(0) + SLIf ()]
= —f(0) +sL[f(©)] = sF(s) — f(0)

We have to show that L[f"(t)]

LIf" ()] = [, et f"(¢) dt using integration by parts

u=est, dv=f"(t)dt - du=—seStdt, v=f'(t)
et ) = et f1 (0| — fy —se St )t
= ~f'(0) +5 [" et f'(©)dt = ~f'(0) + sLf' ()]
= —f"(0) + s[sF(s) = f(0)] = s?F(s) = sf(0) — f'(0)
In the same away we get
LIf"(©)] = s°F(s) = s?£(0) = sf'(0) = f"(0)

Theorem: If f,f’,..,f™* 1 are continuous on [0,o) and are of exponential
order and if f™(t) is piecewise continuous on [0, o), then

LI ()] = s"F(s) —s"1f(0) — s"2f(0) — - — f"71(0),
Where F(s) = L[f(t)].

The important property of the Laplace transform its very useful in solving initial
value problems.

Example: Use the Laplace transform to solve the initial value problem

dy _ _
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Solution: We first take the Laplace transform of each member of the differential
equation

L[Z-y=1]=12]-Lb (D)

since L || = s¥(s) = y(0) = s¥(s) = 0 = s¥(s), L[1] =1

Substitute these expressions in eq(1) we get

1 1
sY(s)=Y(s) = 5 - (s—1)Y(s) = 5 - Y(s) =

s(s—1)
1 _ _4A, B _ A(s—1)+Bs
s(s—-1) T s os-1 s(s—-1)
A+B=0

—A=1->A4=-1, B=1
-1 1
AY() =T 4 )

take the inverse Laplace transform to each member in eq(2) we get

1
[5—1

LY (s)] = L1 [_Tl] 4L ——]

y(t)=-1+et

Example: Use the Laplace transform to solve

dt2+5 +4y=0, y(0)=1, y'(0)=0

Solution: L [‘;%“] +5L (2] + 4L[y] = L[0]
since L[L2] = s2¥(s) - sy(0) = y'(0), L[] =sv(s) - »(0)
s2Y(s) —sy(0) —y'(0) + 5(sY(s) —y(0)) +4Y(s) =0 -
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s+5 s+5
Y(S)z > =
s2+4+55s4+4 (s+4)(s+1)
s+5 ! N B A(s+1)+B(s+4)
(s+4)(s+1) s+4 s+1  (s+4)(s+1)

A+B=1....(1)
A+4B =5.....(2)

Multiply eq(2) by —1 and sum with eq(2) we get

gt 41
37 73
—-1/3 4/3
Y —
(5) s+4+s+1

take the inverse Laplace transform to both side we get

-1/3 4/3 1 4
_/] 4+ -1 L] Sy(t)=——e M 4-et

L y(s)] =L 3 3

s+4 s+1
Example: Use the Laplace transform to solve the initial value problem
dy .
- T3y = 13sin2t, y(0) =6
Solution: Take the Laplace transform to both sides of equation we get

dy .
L[E] + 3L[y] = 13L[sin2t]

smmL{§j=sY@)—ym)=sy@)—6

6 26
SY(s) =6 +3Y(s) = Gz 2 V() st3 GEE2+a)
6s% + 50 A Bs +C

Y(s) =

(S+3)(SZ+4):S+3+SZ+4_)
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(A+ B)s?+ (3s + C)s + 4A + 3C

Y(s) = (s+3)(s?+4)

A+B=6...(1) >A=6—-B

3B+C=0....Q2)

4A+3C=50....3)> A= 5";36 N 5";36 =6—B—3C—4B =26

3B+C=0—-C=-3B
~3(-3B)—4B=26->B=-2, (=6, A=28

6s>+50 8 +—25+6
(s+3)(s2+4) s+3 s2+4

Y(s) =

take the inverse Laplace transform we get
y(t) = 8e 3t — 2cos2t + 3sin2t
Example: Use the Laplace transform to solve the initial value problem

y" +3y"' =9t2 - 12t + 6, y"(0) =—4, y'(0) =0, y(0) =3
Solution: Take the Laplace transform to both sides of equation we get
L[y"]+ 3L[y'] = 9L[t?] — 12L[t] + L[6]
Since L[y"] = s°Y(s) — s?y(0) — sy'(0) —y(0), L[y'] = sY(s) — y(0)

3 2 18 12 6 3s5°+55°+ 18— 125 + 652
(S +35)Y(S)=33 +5+S_3_S_2+§= 3

3s®> — 453 + 18 — 125 + 652 4 953
53

s?(3s3 —4s+6) +3(s® —4s+6)
53

(s3+35)Y(s) =

(s3+3s)Y(s) =

Y(s)=(52+3)(353_4S+6)=§—i+£

(s? + 3)s* s s3 st
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take the inverse Laplace transform on both sides we get

y(t) =3 —2t2 +¢3

Problem: Use the Laplace transform to solve the following
1- y"+9y =ef, y(0)=0, y'(0)=0

2- y"+y =+2sinv2t, y(0) =10, y'(0) =0
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Solution of some problems
1- Find the general solution of the following equation

aty

dx?

Solution
2

The characteristic equation of the homogeneous equation % + 4y = 0 is given

by the form P,(1) = 1>+ 4 =0 and the roots are A = F2i therefore, the

general solution for the homogeneous equation is y.(x) = c,;sin2x + c,cos2x,

_ sin2x  cos2x
since. w(gy, 92)(x) = |, 5 _ocinoy

w(9g1,92) = —2, g, = sin2x, g, = cos2x, h(x) = sec2x in equation (*) we
get the particular of the solution of the given non homogeneous equation

+ 4y = sec2x

|=—2 substitute the values of

Vi (x) _ f;: (sin2t cost_—Zsian cos2t) sec2t dt = — % [fox(COSZJC Z)’Zi) dt —
x . cos2t
fO SinZx cos2t dt]
1 1 X . X
= -3 [COSZX (—Eln|COSZt|) |0 — sin2x fo dt]
= —% [cos2x (—%(lnlcostl — lnlll)) — sin2x(t) |g

= icost In|cos2x| — xsin2x
The general solution of the given equation is
y(x) = c¢;sin2x + c,cos2x + icost In|cos2x| — xsin2x
2- Find the particular solution of the following equation
y" —4y' = sinx

Solution
Since h(x) = sinx then let y,(x) = Asinx + Bcosx is a solution of the given

equation. Since y,(x) is solution of the given equation therefore, y,, (x) satisfy the

equation
=~ yp(x) = A cosx — B sinx, y, (x) = —A sinx — B cosx,

33
Presented by Ahmed J. Kadhim, M.Sc.



University of Baghdad College of Science for Women Department of Computer Science

Yp (x) = —A cosx + B sinx, substitute the values of y,(x),and y, (x) in the
original equation we get,

—A cosx + B sinx — 4(A cosx — B sinx) = sinx since the particular solution
does not contain constants hence,

—5A=0->A4A=0

SB=1eB=§

= the particular solution is given by y,, (x) = %cosx
3- Find the particular solution of the following equation
y" =3y’ — 4y = 3e?*
Solution
Since h(x) = 3e®* then let y,(x) = Ae®* is a solution of the given equation.
Since y, (x) is solution of the given equation therefore, y,,(x) satisfy the equation
~yp(x) = 24e** ,y, (x) = 44 e,
substitute the values of y,(x), and y,, (x) in the original equation we get,
44 e?* — 3(24e%*) — 4 Ae?* = 3e?* since the particular solution does not

contain constants hence,

~6A=3->A=—-

- the particular solution is given by y, (x) = — % e?x
4- Find the particular solution of the following equation
y" =3y’ —4y = —8e*cos2x
Solution
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